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SECTION A (40 marks) 
Answer ALL questions in this section. 
 

(1) (a) Find ( )
32

cos34lim
+
π

+
∞→ x

xx
x

. 

 (b) Find 
( )
4

0

3

0

sin
lim

x

dtt
x

x

∫
→

. 

(6 marks) 
 
(2) Let , . ( ) xxf 1tan −= R∈x
 (a) Show that 

( ) ( ) ( ) 021 2 =′+′′+ xfxxfx . 
 (b) (i) Show that for any positive integer n, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 01121 122 =+++++ ++ xfnnxxfnxfx nnn . 
  (ii) Find ( ) ( )07f  and ( ) ( )08f . 

(7 marks) 
 

(3) Let ( )
⎪⎩

⎪
⎨
⎧

=

≠
=

0for0

0for1cos4

x

x
x

x
xf . 

 (a) For 0≠x , evaluate  and ( )xf ′ ( )xf ′′ . 
 (b) Show that ( )0f ′′  exists. 
 (c) Is  continuous at ? ( )xf ′′ 0=x

(7 marks) 
 

(4) (a) Evaluate ∫
+

−
14

11 x

xdx . 

 (b) Hence, or otherwise, evaluate ∑
=

∞→

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

+
−

n

k

n
k

n

n

k2

1
2

14

11

lim . 

(6 marks) 
 

(5) (a) Resolve ( )2
1685

2

2

−
−−

xx
xx  into partial fractions. 

 (b) Using the substitution , or otherwise, evaluate xeu += 2 ( ) ( )
( )∫
+

+− dx
e

ee
x

xx

2

2

2
32 . 
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(c) Let D be the region bounded by the curve ( )
( )12

1312

2 +

+−
=

−−

−−

x
x

xx

ee

eey , the positive x-axis 

and the positive y-axis. Find the volume of the solid of revolution generated by 
revolving D about the x-axis. 

(7 marks) 
 

(6) Consider the curve 1: 2

2

2

2

=−
b
y

a
xH , where , a and b are positive constants. 

 is a variable point on H and Q is the point 

0>x

( 11, yxP ) ( )c,0 , where . 0≠c
 (a) Express the length of PQ in terms of a, b, c and . 1y
 (b) If P′  is a point on H such that QP′  represents the shortest distance from Q to H. 
  (i) Find the coordinates of P′ . 
  (ii) Is  the normal to H at QP′ P′ ? Explain briefly. 

(7 marks) 
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SECTION B (60 marks) 
Answer any FOUR questions in this section. Each question carries 15 marks. 
 

(7) Let ( )
xe

x
xf 1

23−
= , . 0≠x

 (a) For 0>x , find  and show that ( )xf ′ ( )
xex

xxf 1
4

83−
=′′ . 

 (2 marks) 
 (b) For 0>x , find the range of values of x such that 
  (i) , ( ) 0>′ xf
  (ii) , ( ) 0<′ xf
  (iii) , ( ) 0>′′ xf

(iv) . ( ) 0<′′ xf
(4 marks) 

 (c) Find all relative extreme point(s) and point(s) of inflexion of . ( )xfy =
(3 marks) 

 (d) Find the asymptote(s) of the graph of ( )xfy = . 
(4 marks) 

 (e) Sketch the graph of . ( )xfy =
(2 marks) 

 
(8) (a) Let  and  be two real functions continuous on the interval [ . By  ( )xf ( )xg ]ba,

considering the integral of the function ( ) ( )[ ]2xgxf +λ  on [ ]ba, , set up a quadratic 
inequality in the parameter λ. Hence, show that 

( ) ( ) ( )[ ]{ }∫∫ ≤⎥⎦
⎤

⎢⎣
⎡ b

a

b

a
dxxfdxxgxf 2

2

( )[ ]{ }∫
b

a
dxxg 2 . 

(4 marks) 
(b) Let  be a function with continuous derivative on ( )xh [ ]1,0  satisfying  and 

. 
( ) 00 =h

( ) 01 =h

  (i) Show that  for any ( ) ( )dtthxh
x

∫ ′=
0

( )dtth
x∫ ′−=
1 [ ]1,0∈x . 

  (ii) Using (a), or otherwise, show that for [ ]1,0∈x , 

( )[ ] ( )[ ] dtthxxh
x

∫ ′≤
0

22 . 

   Hence, deduce that for ⎥⎦
⎤

⎢⎣
⎡∈

2
1,0x , 

( )[ ] ( )[ ] dtthxxh ∫ ′≤ 2
1

0

22 . 

  (iii) Show that for ⎥⎦
⎤

⎢⎣
⎡∈ 1,
2
1x , 

( )[ ] ( ) ( )[ ] dtthxxh ∫ ′−≤
1

2
1

22 1 . 
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  (iv) Show that  

( )[ ] ( )[ ] dxxhdxxh ∫∫ ′≤
1

0

21

0

2

8
1 . 

(11 marks) 
 
(9) (a) For any positive integer n and ( )1,1−∈t , show that 

( ) ( )
t
tttt

t

nn
nn

+
−

+−+−+−=
+

−−

1
111

1
1 112 Λ . 

  Hence, deduce that for any ( )1,1−∈x , 

( ) ( ) ( )
∫ +

−
+−+−+−=+ − x nnn

n dt
t
t

n
xxxxx

0

1
32

1
11

32
1ln Λ  

  and 

( ) ∫ −
−−−−−−=−

x nn

dt
t

t
n
xxxxx

0

32

132
1ln Λ . 

(7 marks) 
(b) Using (a), or otherwise, show that for any ( )1,0∈x , and for any positive integer k, 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

++++−⎟
⎠
⎞

⎜
⎝
⎛
−
+

≤
++

321
2

1253
2

1
1ln0

32

2

1253

k
x

xk
xxxx

x
x kk

Λ . 

(4 marks) 
(c) Using (b), or otherwise, show that 

3
5ln

2
1

4
1

12
1

4
1

5
1

4
1

3
1

4
1lim

1253

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

+
++⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+

+

∞→

k

k k
Λ . 

(4 marks) 
 

(10) Consider the curve , where 
⎩
⎨
⎧

=
=

aty
atx

P
2

:
2

R∈t .  

Let ( )1
2

1 2, atatA  and ( )2
2

2 2, atatB  be two distinct points on P, where  and  are 
non-zero real numbers. 

1t 2t

 (a) (i) Find the equation of the normal to P at A. 
  (ii) Prove that AB is normal to P at A if and only if . 0221

2
1 =++ ttt

(6 marks) 
(b) Let . It is given that the chord of P joining A and F cuts P again at C. ( 0,aF = )

  (i) Find the y-coordinate of C in terms of a and . 1t
(ii) Suppose D is the point of intersection of the tangents at A and B. Also, AB is 

normal to P at A. 
   (A) Show that CD is horizontal. 
   (B) Show that the mid-point of AD lies on the line ax −= . 
   (C) Find the equation of the locus of D at  varies. 1t

(9 marks) 
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(11) (a) Let be a twice differentiable function defined on ( )xf ( )∞,0  where  for  ( ) 0≤′′ xf

0>x . 
(i) Let a and b be two distinct positive real numbers. Let c lies on the open interval 

with end points a and b. Using the mean value theorem, show that 
( ) ( ) ( ) ( )afcfcfac −≤′−  

   and 
( ) ( ) ( ) ( )bfcfcfbc −≤′− . 

(ii) For any positive real numbers r, a and b, show that 
( ) ( )

r
bfarf

r
barf

+
+

≥⎟
⎠
⎞

⎜
⎝
⎛

+
+

11
. 

(9 marks) 
 (b) Let  be distinct positive real numbers. nxxx ,,, 21 Λ
  (i) Using (a), show that for all positive integers , 2≥n

⎟
⎠
⎞

⎜
⎝
⎛ +++

n
xxx nΛ21ln

n
xxx nlnlnln 21 +++

≥
Λ

. 

  (ii) Show that for all positive integers , 2≥n

n
n

n xxx
n

xxx
Λ

Λ
21

21 ≥
+++

. 

(6 marks) 
 
 
 

End of paper 
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Marking Scheme 

(1) (a) ( )
32

cos34lim
+
π

+
∞→ x

xx
x

 

34
1

32
cos

lim

+

+
π

=
∞→

x

x
x

x
 

   

( ) ( )
( )

( )2

2

34
4

32
232

32
sin

lim

+
−

⎥
⎦

⎤
⎢
⎣

⎡

+
π−π+

+
π

−

=
∞→

x

x
xx

x
x

x
  1M 

        (L’Hospital’s rule) 

   ( )
( ) 32

sin
324
343lim 2

2

+
π

+
+π

=
∞→ x

x
x
x

x
 

   

xx

x
x 32

sin
324

343
lim 2

2

+

π

⎟
⎠
⎞

⎜
⎝
⎛ +

⎟
⎠
⎞

⎜
⎝
⎛ +π

=
∞→

    1M 

   
2

sin
2
4

4
3

2

2 π
⋅

π
=  

   π= 3 .         1A 
 

(b) 
( )
4

0

3

0

sin
lim

x

dtt
x

x

∫
→

 3

3

0 4
sinlim

x
x

x→
=   (L’Hospital’s rule)  1M 

  
y
y

y 4
sinlim

0→
=   (let )   1M 3xy =

  1
4
1
⋅=  

  
4
1

= .        1A 

Marks 

 

(2) (a) ( ) 21
1
x

xf
+

=′  

 
  and 
 

       ( )
( )221

2
x
xxf

+
−=′′ . 

 
  Thus, 
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 ( ) ( ) ( )xfxxfx ′+′′+ 21 2 ( )
( )

 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
−+= 22

2

1
21
x
xx 21

12
x

x
+

⋅+  

  0= .        1 
 
 (b) (i) Using the Leibniz’s rule, 
 
 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )++++ ++ xfCxfxCxfx nnnnn 221 2

1
1

22  

 ( ) ( ) ( ) ( )[ ]xfCxxf nnn
1

12 ++  0=    1M 
 ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ] ( ) ( )xfnnnxxfnxfx nnn 21121 122 +−++++ ++  0=  
 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )xfnnxxfnxfx nnn 1121 122 +++++ ++  0= .   1 
 
  (ii) Put 0=x  into (b) (i), 
 
      ( ) ( ) ( ) ( ) ( )0102 nn fnnf +−=+ .     1A 
 
   Thus, 
 
  ( ) ( )07f ( ) ( ) ( )065 5f−=         1M 
  ( )[ ] ( )[ ] ( ) ( )04365 3f−−=  
  ( )[ ] ( )[ ] ( )[ ] ( )0214365 f ′−−−=  
           1A 720−=
 
   and 
 
  ( ) ( )08f ( ) ( ) ( )076 6f−=  
  ( )[ ] ( )[ ] ( ) ( )05476 4f−−=  
  ( )[ ] ( )[ ] ( )[ ] ( )0325476 f ′′−−−=  
  0= .          1A 
 
(3) (a) For , 0≠x
 

  ( )xf ′ ⎟
⎠
⎞

⎜
⎝
⎛−⎟
⎠
⎞

⎜
⎝
⎛−+= 2

43 11sin1cos4
xx

x
x

x  

  
x

x
x

x 1sin1cos4 23 +=       1A 

 
  and 
 

  ( )xf ′′ +⎟
⎠
⎞

⎜
⎝
⎛−⎟
⎠
⎞

⎜
⎝
⎛−+= 2

32 11sin41cos12
xx

x
x

x ⎟
⎠
⎞

⎜
⎝
⎛−+ 2

2 11cos1sin2
xx

x
x

x  

  
xx

x
x

x 1cos1sin61cos12 2 −+= .        1A 
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 (b) Consider 
 

 ( ) ( )
0

0lim
0 −

−
→ x

fxf
x

 
0

01cos
lim

4

0 −

−
=

→ x
x

x

x
 

  
x

x
x

1coslim 3

0→
=  

  0=  
 

  as 11cos ≤
x

 and . 0lim 3

0
=

→
x

x

 
  Thus, ( ) 00 =′f .           1A 
 
  Consider 
 

 ( ) ( )
0

0lim
0 −

′−′
→ x

fxf
x

 
0

01sin1cos4
lim

23

0 −

−+
=

→ x
x

x
x

x

x
 

  ⎟
⎠
⎞

⎜
⎝
⎛ +=

→ x
x

x
x

x

1sin1cos4lim 2

0
. 

 

  As 11cos ≤
x

 and , 04lim 2

0
=

→
x

x
01cos4lim 2

0
=

→ x
x

x
.     1M 

  Also, as 11sin ≤
x

 and 0lim
0

=
→

x
x

, 01sinlim
0

=
→ x

x
x

. 

 
  Thus, 
 

 ( ) ( )
0

0lim
0 −

′−′
→ x

fxf
x

 
x

x
x

1cos4lim 2

0→
=

x
x

x

1sinlim
0→

+  

  00 +=  
  0= . 
 
  Hence,  exists and equals 0.        1A ( )0f ′′
 
 (c) Consider 
 

     ( )xf
x

′′
→0

lim ⎟
⎠
⎞

⎜
⎝
⎛ −+=

→ xx
x

x
x

x

1cos1sin61cos12lim 2

0
,   1M 

 
  which does not exist. 
 
  Hence,  is not continuous at ( )xf ′′ 0=x .      1A 
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(4) (a) ∫
+

−
14

11 x

xdx  ( )
∫

+
= x

x dxx
4

14  

   ∫∫ += dxxxdx x4
      1A 

   ∫+= dxxx
x42

2

. 

 
  Let xu = ,  . dxdv x−= 4

  ,  dxdu =
4ln

4 x

v
−

−= . 

 

 ∫ dxx
x4

 ∫
−−

+−= dxx xx

4ln
4

4ln
4  

  ( ) ( )
Cx x

x +−−=
−

24ln
4

44ln
.    1A 

 
  Thus, 
 

    ∫
+

−
14

11 x

xdx
2

2x
= ( ) ( )

Cx
xx +−− 24ln4

1
44ln

.    1A 

 

(b) ∑
=

∞→

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

+
−

n

k

n
k

n

n

k2

1
2

14

11

lim  ∑
=

∞→

+
−

=
n

k

n
k

n

n
k

n

2

1

14

11

1lim      1A 

  ∫
+

−
=

2

0

14
11

dxx

x

      1A 

  ( ) ( )

2

0
2

2

4ln4
1

44ln2 ⎥
⎦

⎤
⎢
⎣

⎡
−−=

xx

xx  

  
( )24ln16
15

4ln8
12 +−= .     1A 

 
(5) (a) Let 
 

 ( )2
1685

2

2

−
−−

xx
xx  

22 −
++=

x
C

x
B

x
A  

  ( ) ( )
( )2

22
2

2

−
−−++

=
xx

BxABxCA . 
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  ∴  ⇒ . 
⎪
⎩

⎪
⎨

⎧

−=−
−=−

=+

162
82

5

B
AB
CA

⎪
⎩

⎪
⎨

⎧

−=
=
=

3
8
8

C
B
A

 

  ∴ ( )2
1685

2

2

−
−−

xx
xx

2
388

2 −
−+=

xxx
.        1A 

 
 (b) Let , . xeu += 2 dxedu x=
 

 ( ) ( )
( )∫
+

+− dx
e

ee
x

xx

2

2

2
32  ( )[ ] ( )[ ]

∫ −
⋅

−+−−
=

2
2322

2

2

u
du

u
uu  

  ( ) ( )
( )∫ −

+−
= du

uu
uu

2
14

2

2

      1A 

  ( )∫ ⎥
⎦

⎤
⎢
⎣

⎡
−
−−

−= du
uu

uu
2

16851 2

2

 

  ∫ ⎟
⎠
⎞

⎜
⎝
⎛

−
+−−= du

uuu 2
3881 2     1A 

  Cu
u

uu +−++−= 2ln38ln8  

  ( ) Cx
e

ee x
xx ++

+
++−= 3

2
82ln8 .   1A 

 

(c) Required volume ( )
( )

∫
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+

+−
π=

−−

−−2ln

0

2

2 12

1312 dx
ee

ee

x
x

xx

   1M + 1A 

  ( ) ( )
( )∫
+

+−
π=

2ln

0 2

2

2
32 dx

e
ee

x

xx

 

  ( )
2ln

0

3
2

82ln8 ⎥⎦
⎤

⎢⎣
⎡ +

+
++−π= x

e
ee x

xx  

  3ln82ln13
3

π+π−
π

= .     1A 

 

(6) (a)  PQ ( ) ( )2
1

2
1 0 cyx −+−=  

   ( )2
12

2
12 1 cy

b
ya=  −+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+

   ( )22
1

2
12

22

2 cacyy
b

ba
++−⎟⎟

⎠

⎞
⎜⎜= .   1A 
⎝

⎛ +
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 (b) (i) Let ( ) ( )22
1

2
12

22

1 2 cacyy
b

bayf ++−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
= . 

 

   As 02

22

>
+

b
ba ,  is the least when  ( )1yf

 

  1y ( )

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
−

−=

2

22

2

2

b
ba

c  

  22

2

ba
cb
+

= .      1A 

 
   Thus, 
 

  2
1x ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+= 2

2
12 1

b
ya  

  

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

+= 2

2

22

2

2 1
b

ba
cb

a  

  ( )[ ]
( )222

222222

ba
cbbaa

+

++
= . 

 

   ∴ ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

++
+

=′ 22

2
22222

22 ,
ba
cbcbba

ba
aP .    1A 

 
  (ii) Consider 
 

 Slope of  QP′
( ) 022222

22

22

2

−++
+

−
+=

cbba
ba

a

c
ba
cb

 

  
( ) 22222 cbba

ac

++
−= .    1A 

 
   Also, 
 

 2

2

2

2

b
y

a
x

−  1=  
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dx
dy

b
y

a
x

22

22
−  0=  

 
dx
dy  

ya
xb

2

2

= . 

 
   Thus, 
 

 Slope of tangent to H at  P′
( )

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

⎥⎦
⎤

⎢⎣
⎡ ++

+=

22

2
2

22222
22

2

ba
cba

cbba
ba

ab
  1M 

  
( )

ac
cbba 22222 ++

= . 

 
   As 
 
    (Slope of ) × (Slope of tangent to H at QP′ P′ ) 1−= ,  1M 
 
    is the normal to H at QP′ P′ .       1 
 

(7) (a) For , 0>x ( )
xe

xxf 1

23−
= . 

 
  Thus, 
 

  ( )xf ′
( ) ( )

21

2

11 1232

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

⎟
⎠
⎞

⎜
⎝
⎛−⋅−−−

=
x

xx

e

x
exe

 

  
xex

xx
1

2

2 322 +−−
=       1A 

 
  and 
 

  ( )xf ′′
( ) ( )

21
4

2

1
2

1
2

1
2 1232224

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛−++−−−−−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

=
x

xxx

ex

x
exxexxxex
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  ( ) ( )( )
xex

xxxxx
1

4

22 1232224 −+−−−−−
=  
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xex

x
1

4

83 −
= .            1A 

 

 (b) (i)  ⇔ ( ) 0>′ xf
2

170 −
<< x .        1A 

  (ii)  ⇔ ( ) 0<′ xf
2

17 −
>x .        1A 

  (iii)  ⇔ ( ) 0>′′ xf
8
30 << x .         1A 

  (iv)  ⇔ ( ) 0<′′ xf
8
3

>x .               1A 

 
 (c) Refer to the tables. 
 

x ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
2

17,0
2

17 −  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∞

− ,
2

17  

( )xf ′  + 0 − 
( )xf  ↑ 0.40 ↓ 

 

x ⎟
⎠
⎞

⎜
⎝
⎛

8
3,0  

8
3  ⎟

⎠
⎞

⎜
⎝
⎛ ∞,

8
3  

( )xf ′′  + 0 − 
( )xf   0.16  

 
  Note that ( )xf  is even, the graph of ( )xfy =  is symmetrical   1M 

about the y-axis. 
 

Thus, ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ − 40.0,
2

17  and ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ − 40.0,
2

71  are relative maximum  1A 

points. Also, ⎟
⎠
⎞

⎜
⎝
⎛ 16.0,

8
3  and ⎟

⎠
⎞

⎜
⎝
⎛− 16.0,

8
3  are points of inflexion.   1A 

 
 (d) Consider 
 

 ( )xf
x +→0
lim  

x
x

e

x
10

23lim −
=

+→
 

  0=  
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 ( )xf
x −→0
lim  

x
x

e

x
10

23lim
−→

+
=

−
 

  0= . 
 
  ∴  is not a vertical asymptote of the graph.     1 0=x
 
  Consider 
 

 ( )
x
xf

x ∞→
lim  

x
x

xe

x
1

23lim −
=

∞→
 

  x
x

e
x

1

23lim
−

∞→
⎟
⎠
⎞

⎜
⎝
⎛ −=  

  2−=   
 
  and 
 

  ( ) ( )[ ]xxf
x

2lim −−
∞→ ⎟⎟

⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
+

−
=

∞→
x

e

x

x
x

223lim 1  

  
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+=

∞→
123lim

1

11
x

xx
x

ex
ee

. 

 
  As 
 

 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

∞→
1lim

1
x

x
ex  

x

e x

x 1
1lim

1

−
=

∞→
 

  

2

2

1

1

1

lim

x

x
e x

x
−

⎟
⎠
⎞

⎜
⎝
⎛−⋅

=
∞→

 (L’Hospital’s rule)  1M 

  x
x

e
1

lim
∞→

=  

  1= . 
 
  Thus, 
 
  ( ) ( )[ ]xxf

x
2lim −−

∞→
( )123+=  

  5= . 
 
  ∴ 52 +−= xy  is an oblique asymptote as ∞→x .    1A 
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  By symmetry,  is an oblique asymptote as 52 += xy −∞→x .  1A 
 
 (d) 

   

y

xO

( )xfy =

2
3

2
3

−

⎟
⎠
⎞

⎜
⎝
⎛ 16.0,

8
3

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ − 40.0,
2

17

⎟
⎠
⎞

⎜
⎝
⎛− 16.0,

8
3

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ − 40.0,
2

71

52 +−= xy52 += xy

5

 
 
(8) (a) For , [ ]bax ,∈
 
 ( ) ( )[ ]2xgxf +λ   0≥

     1M ( ) ( )[ ]∫ +λ
b

a
dxxgxf 2 0≥

  . ( )[ ]∫λ
b

a
dxxf 22 ( ) ( )∫λ+

b

a
dxxgxf2 ( )[ ]∫+

b

a
dxxg 2 0≥

 
  Case 1: If ( ) 0=xf  for all bxa ≤≤  
 
  In this case, the result is trivial.        1A 
 
  Case 2: If ( ) 0≠xf  for some bxa ≤≤  
 
  By the continuity of f, . Thus, ( )[ ] 02 >∫

b

a
dxxf

 

   ( ) ( )
2

2 ⎥⎦
⎤

⎢⎣
⎡ ∫

b

a
dxxgxf ( )[ ]{ }∫−

b

a
dxxf 24 ( )[ ]{ }∫

b

a
dxxg 2 0≤    1M 

                 ( ) ( ) ( )[ ]{ }∫∫ ≤⎥⎦
⎤

⎢⎣
⎡ b

a

b

a
dxxfdxxgxf 2

2

( )[ ]{ }∫
b

a
dxxg 2 .    1 

1A for the relative 
minimum point and 
the point of 
inflexion 
 
1A for the shape of 
the curve 

 
 (b) (i) Consider 
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  ( )∫ ′

x
dtth

0
( ) xth

0
=  

  ( ) ( )0hxh −=  
  ( )xh=        1 
 
   and 
 
  ( )∫ ′−

1

x
dtth ( )1

x
th−=  

  ( ) ( )[ ]xhh −−= 1  
  ( )xh= .       1 
 
  (ii) Let ( )  and 1≡xf ( ) ( )xhxg ′=  in (a), we have    1M 
 

  ( )
2

0 ⎥⎦
⎤

⎢⎣
⎡ ′∫

x
dtth ⎟

⎠
⎞⎜

⎝
⎛≤ ∫

x
dt

0
( )[ ]{ }∫ ′

x
dtth

0

2  

  .      1 ( )[ ]2xh ( )[ ]∫ ′≤
x

dtthx
0

2

 

   For ⎥⎦
⎤

⎢⎣
⎡∈

2
1,0x , we have 

 

      ( )[ ]∫ ′
x

dtth
0

2 ( )[ ]∫ ′≤ 2
1

0

2 dtth      1M 

 
   as . ( )[ ] 02 ≥′ th
 
   Thus, 
 

       ( )[ ]2xh ( )[ ]∫ ′≤ 2
1

0

2 dtthx .     1 

 
  (iii) Let ( )  and 1≡xf ( ) ( )xhxg ′=  in (a), we have 
 

  ( )
21

⎥⎦
⎤

⎢⎣
⎡ ′∫ x

dtth ⎟
⎠
⎞⎜

⎝
⎛≤ ∫

1

x
dt ( )[ ]{ }∫ ′

1 2

x
dtth  

  . ( )[ ]2xh ( ) ( )[ ]∫ ′−≤
1 21
x

dtthx

 

   For ⎥⎦
⎤

⎢⎣
⎡∈ 1,
2
1x , we have 

 

      ( )[ ]∫ ′
1 2

x
dtth ( )[ ]∫ ′≤

1

2
1

2 dtth  
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   as . ( )[ ] 02 ≥′ th
 
   Thus, 
 

       ( )[ ]2xh ( ) ( )[ ]∫ ′−≤
1

2
1

21 dtthx .    1 

 
  (iv) Using (b) (ii) and (b) (iii), 
 

 ( )[ ]∫ 2
1

0

2 dxxh  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤ ∫ 2

1

0
xdx ( )[ ]

⎭
⎬
⎫

⎩
⎨
⎧

′∫ 2
1

0

2 dtth      1M 

  ( )[ ]
⎭
⎬
⎫

⎩
⎨
⎧

′⋅= ∫ 2
1

0

22
1

0

2

2
dtthx  

  ( )[ ]∫ ′= 2
1

0

2

8
1 dtth    (1)    1A 

 
   and 
 

 ( )[ ]∫
1

2
1

2 dxxh  ( ) ⎥
⎦

⎤
⎢
⎣

⎡
−≤ ∫

1

2
1 1 dxx ( )[ ]

⎭
⎬
⎫

⎩
⎨
⎧

′∫
1

2
1

2 dtth  

  ( )[ ]
⎭
⎬
⎫

⎩
⎨
⎧

′⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= ∫

1

2
1

2
1

2
1

2

2
dtthxx  

  ( )[ ]∫ ′=
1

2
1

2

8
1 dtth .   (2)    1A 

 
   ( )  ( ) :21 +
 

  ( )[ ]∫
1

0

2 dxxh ( )[ ]∫ ′≤ 2
1

0

2

8
1 dtth ( )[ ]∫ ′+

1

2
1

2

8
1 dtth  

  ( )[ ]∫ ′=
1

0

2

8
1 dxxh .      1 

 
(9) (a) Consider 
 

 ( ) 112 11 −−−+−+− nn ttt Λ  ( )
( )t

t n

−−
−−

=
1

1    1M 

  ( )
t

t nn

+
−−

=
1

11 . 

 
  Hence, 
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     ( ) ( )
t
tttt

t

nn
nn

+
−

+−+−+−=
+

−−

1
111

1
1 112 Λ .   1 

 
  For any ( )1,1−∈x , 
 

 dt
t

x

∫ +0 1
1  ( ) ( )

∫ ⎥
⎦

⎤
⎢
⎣

⎡

+
−

+−+−+−= −−x nn
nn dt

t
tttt

0

112

1
111 Λ    1M 

 ( ) xt
0

1ln +  ( ) ( )
∫ +

−
+⎥

⎦

⎤
⎢
⎣

⎡ −
+−+−=

−
x nnx

nn

dt
t
t

n
tttt

0
0

132

1
11

32
Λ  

  ( )x+1ln ( )
n

xxxx
nn 132 1

32

−−
+−+−= Λ

( )
∫ +

−
+

x nn

dt
t
t

0 1
1 .  1 

 
  By replacing x by x− , we have        1M 
 

  ( )x−1ln ( ) ( ) ( ) ( )
n

xxxx
nn −−

+−
−

+
−

−−=
−132 1

32
Λ

( )
∫

−

+
−

+
x nn

dt
t
t

0 1
1  

  
n
xxxx

n

−−−−−= Λ
32

32 ( )
∫

−

+
−

+
x nn

dt
t
t

0 1
1 . 

 
  Note that 
 

 ( )
∫

−

+
−x nn

dt
t
t

0 1
1  ( ) ( )

( ) (∫ −
−+
−−

=
x

nn

ds
s
s

0 1
1 )    (let st −= )  1M 

  ∫ −
−=

x n

ds
s

s
0 1

 

  ∫ −
−=

x n

dt
t

t
0 1

. 

 
  Hence, 
 

    ( )x−1ln
n
xxxx

n

−−−−−= Λ
32

32

∫ −
−

x n

dt
t

t
0 1

.   1 

 
 (b) By putting 12 += kn  in (a), we have       1M 
 

( )
∫ +

−
+

++
x kk

dt
t
t

0

1212

1
1

∫ −
+

+x k

dt
t

t
0

12

1
 ( ) ( )xx −−+ 1ln1ln  ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

++++=
+

1253
2

1253

k
xxxx

k

Λ

  ⎟
⎠
⎞

⎜
⎝
⎛

−
+

x
x

1
1ln ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

++++−
+

1253
2

1253

k
xxxx

k

Λ ∫ ⎟
⎠
⎞

⎜
⎝
⎛

+
−

−
= +x k dt

tt
t

0

12

1
1

1
1 . 

 
  Note that 
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    ∫ ⎟
⎠
⎞

⎜
⎝
⎛

+
−

−
+x k dt

tt
t

0

12

1
1

1
1

∫ −
=

+x k

dt
t

t
0 2

22

1
2 . 

 
  For 10 <≤≤ xt , 
 

 2

22

1 t
t k

−

+

  0≥

 ∫ −

+x k

dt
t

t
0 2

22

1
       1M 0≥

 
  and 
 

 ∫ −

+x k

dt
t

t
0 2

22

1
2  ∫ +

−
≤

x k dtt
x 0

22
21

2     1M 

  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

⋅
−

=
+

321
2 32

2 k
x

x

k

. 

 
  Hence, 
 

    ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

++++−⎟
⎠
⎞

⎜
⎝
⎛
−
+

≤
++

321
2

1253
2

1
1ln0

32

2

1253

k
x

xk
xxxx

x
x kk

Λ .  1 

 
 (c) Using (b), 
 

  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

−⎟
⎠
⎞

⎜
⎝
⎛
−
+ +

321
1

1
1ln

2
1 32

2 k
x

xx
x k

1253

1253

+
++++≤

+

k
xxxx

k

Λ ⎟
⎠
⎞

⎜
⎝
⎛
−
+

≤
x
x

1
1ln

2
1 . 

 

  Put 
4
1

=x  into the above expression,       1M 

 

 
32

4
1

15
16

3
5ln

2
1

32

+

⎟
⎠
⎞

⎜
⎝
⎛

⋅−

+

k

k

4
1

≤
3

4
1

3
1

⎟
⎠
⎞

⎜
⎝
⎛+ ++⎟

⎠
⎞

⎜
⎝
⎛+ Λ

5

4
1

5
1 12

4
1

12
1 +

⎟
⎠
⎞

⎜
⎝
⎛

+

k

k 3
5ln

2
1

≤ . 

 

  Note that 0
32

4
1

lim

32

=
+

⎟
⎠
⎞

⎜
⎝
⎛

+

∞→ k

k

k
, by squeezing principle,    1M + 1M 

 

   
3
5ln

2
1

4
1

12
1

4
1

5
1

4
1

3
1

4
1lim

1253

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

+
++⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+

+

∞→

k

k k
Λ .  1 
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(10) (a) (i) 
dx
dy  

dt
dx
dt
dy

=        1M 

    
at
a

2
2

=  

    
t
1

= .       1A 

 
   Required equation: 
 

 2
1

12
atx
aty

−
−  1t−=  

  3
111 2 atatyxt −−+ 0= .     1A 

 
  (ii)  AB is normal to P at A 
   ⇔ Slope of          1M 1tAB −=

   ⇔ 2
1

2
2

12 22
atat

atat
−
−

1t−=  

   ⇔ 1
12

2 t
tt

−=
+

          1A 

   ⇔ .         1 0221
2

1 =++ ttt
 
 (b) (i) Let ( )3

2
3 2, atatC = , where 13 tt ≠ . 

 
 Slope of AF =  Slope of FC     1M 

 
aat

at
−
−

2
1

1 02  
aat

at
−
−

= 2
3

3 02
 

 ( )12
31 −tt  ( )12

13 −= tt  
 ( )( )1331 1 tttt −+ 0 =  

  3t
1

1
t

−= .  ( )31 tt ≠Θ  

 
   Hence, 
 
 y-coordinate of C 32at=  

  
1

2
t
a

−= .    1A 

 
  (ii) (A) Equation of tangent at A: 
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 2
1

12
atx
aty

−
−  

1

1
t

=        1M 

  2
11 atytx +− 0= .    (1) 

 
    Similarly, the equation of tangent at B: 
 
  2

22 atytx +− 0= .    (2) 
 
    ( ) ( )21 − : 
 
 ( )ytt 12 − ( )2

2
2

1 tta −+  0=  
  y ( )21 tta += . 
 
    Put  into (1), ( 21 ttay += )
 
 ( ) 2

1211 atttatx ++−  0=  
 x  21tat= . 
 
    ∴ (( 2121 , ttatatD ))+= .        1A 
 
    Using (a) (ii), as , 0221

2
1 =++ ttt

 

 ( )21 tta +  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

1

2
t

a       1M 

  
1

2
t
a

−= . 

 
    Hence, the y-coordinates of C and D are equal. 
 
    ∴ CD is a horizontal line.       1 
 

(B) x-coordinate of the mid-point of AD 
2

21
2

1 tatat +
=  

  ( )21
2

12
ttta

+=  

  ( )2
2
−=

a  

  a−= .   1A 
 
    Hence, the mid-point of AD lies on the line ax −= .  1 
 
   (C) Let ( )yxD ,= . 

 
 
 

23 
Reference material, not for sale



香港青年協會 會考寬頻 27771112.hk 

 

    ∴ . ( )⎩
⎨
⎧

+=
=

21

21

ttay
tatx

 

    Note that 
1

2
1

2
2

t
tt +

−= , we have 

 

 x  ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
−=

1

2
1

1
2

t
tat  

  ( )22
1 +−= ta  

 
    and 
 

  y ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
−=

1

2
1

1
2

t
tta  

  
1

2
t
a

−= . 

 
    Thus, 
 

 x  
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−−= 22

2

y
aa  

  ( ) 32 42 axay ++ 0= .       1A 
 
(11) (a) (i) Case 1:  bca <<
 
   Using the mean value theorem, there exist ( )ca,1 ∈ξ  and 
    such that ( bc,2 ∈ξ )
 

    ( ) ( ) ( )1ξ′=
−
− f

ac
afcf  and ( ) ( ) ( )2ξ′=

−
− f

cb
cfbf .   1A 

 
   As ,  is decreasing for .     1M ( ) 0≤′′ xf ( )xf ′ 0>x
 
       bca <ξ<<ξ< 21  
     ( ) ( ) ( ) ( ) ( )bffcffaf ′≥ξ′≥′≥ξ′≥′ 21     1M 

    ( ) ( ) ( ) ( ) ( ) ( ) ( )bf
cb

cfbfcf
ac

afcfaf ′≥
−
−

≥′≥
−
−

≥′ . 

 
   Thus, 
 
       ( ) ( ) ( ) ( )afcfcfac −≤′−     1 
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   and 
 
 ( ) ( )cfcb ′−  ( ) ( )cfbf −≥  
 ( ) ( )cfbc ′−  ( ) ( )bfcf −≤ .     1 
 
   Case 2:  acb <<
 
   This is similar to case 1. 
 
  (ii) Case 1: ba ≠  
 
   When ba < , 
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   Case 2: ba =  
 
   The result is trivial in this case. 
 
 (b) (i) Let ( ) , .         1M xxf ln= 0>x
 

   Note that ( ) 01
2 ≤−=′′

x
xf  for .      1 0>x

 
   Using (a) (ii), by putting 1=r , 1xa = , 2xb = , we have  1M 
 

 ⎟
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⎞
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2
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( ) ( )
2
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⎞

⎜
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2
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2
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   Therefore, the statement is true when 2=n . 
 
   Assume the statement is true when kn = , i.e., 
 

    ⎟
⎠
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⎜
⎝
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k
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k
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≥
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. 

 
Consider the statement when 1+= kn , by putting  

k
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=

Λ21 , 1+= kxb  and kr =  in (a) (ii),   1M 
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   Therefore, the statement is also true when 1+= kn . 
 
   By M.I., the statement is true for all positive integers n. 
 
  (ii) By (b) (i), 
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