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FORMULAS FOR REFERENCE

sin(A+ B)=sin AcosB + cos Asin B
cos(A £ B)=cos Acos B pusin Asin B
_ tanAftanB

_lptan Atan B

sin A+ sin B = 2sin At BcosA_B
2 2
sin A—SiﬂBzZCOSA; Bsin A;B

cosA+cosB=2c:osAJ2chosA; B

cos A— cos B = —2sin AerBsin A;B

2sin AcosB =sin(A+ B)+sin(A-B)
2cos AcosB = cos(A+ B)+cos(A-B)
2sin Asin B =cos(A—B)-cos(A+B)

tan(A

-+

B)
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SECTION A (40 marks)
Answer ALL questions in this section.

(1) (a) Find Iim(4x+3)cos2 .
X—0 X

@)

3)

(4)

()

(b)

X

+3

joxsin(t3)dt |

Find lim Z

x—0 X

Let f(x)=tan™"x, xeR.
(@ Show that
(L+x2 )£ "(x)+2xF'(x) = 0.
(b) (i) Show that for any positive integer n,
L+ x2 )£ @D(x)+ 2(n +Dxf "D (x)+n(n +1)f V(x)=0.
(i) Find f™(0)and f®(0).
x‘cost forx#0
Let f(x)= X .
0 forx=0

(a) For x#0,evaluate f'(x) and f"(x).
(b) Show that "(0) exists.
(c) Is f"(x) continuous at x=0?
(@) Evaluate _[ &

1- 1

4* +1
2n
(b) Hence, or otherwise, evaluate lim Z*
n—o o
4n +1

2
(@ Resolve 5)(2_—8)(_16 into partial fractions.

x?(x—2)

X 2 X

(b) Using the substitution u =2 +e”*, or otherwise, evaluate f (2 —¢ ) (3 € )

(2+ex)2

(6 marks)

(7 marks)

(7 marks)

(6 marks)

dx.
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(c) LetD be the region bounded by the curve y = (26_ _1) v3e +1 , the positive x-axis

e 2(2e‘X +1)
and the positive y-axis. Find the volume of the solid of revolution generated by
revolving D about the x-axis.
(7 marks)

2 2

. X .

(6) Consider the curve H : — —g—z =1, where x>0, a and b are positive constants.
a

P(x,,Y,) is a variable point on H and Q is the point (0,c), where ¢ = 0.
(@) Express the length of PQ interms of a, b, cand vy, .
(b) If P’ isapoint on H such that P'Q represents the shortest distance from Q to H.

(i) Find the coordinates of P’.
(i) Is P'Q the normal to H at P"? Explain briefly.

(7 marks)
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SECTION B (60 marks)
Answer any FOUR questions in this section. Each question carries 15 marks.

(7) Let f(x)=

(@)

(b)

(©)
(d)
(e)

@) (@

(b)

~2)x
T X# 0
el
. , ” 3-8x
For x>0, find f(x) and show that f"(x)="—"r.
x‘ex
(2 marks)
For x >0, find the range of values of x such that
@ f'x)>0
(i) f(x)<0
(i) f"(x)>0
(iv) f(x)<0
(4 marks)
Find all relative extreme point(s) and point(s) of inflexion of y = f(x).
(3 marks)
Find the asymptote(s) of the graph of y = f(x).
(4 marks)
Sketch the graph of y = f(x).
(2 marks)

Let f(x) and g(x) be two real functions continuous on the interval [a,b]. By

considering the integral of the function [if (x)+ g(x)[’ on [a,b], set up a quadratic
inequality in the parameter A. Hence, show that

IRETCE [T oR ax) [ TaboP o]
(4 marks)
Let h(x) be a function with continuous derivative on [0, 1] satisfying h(0)=0 and

h(1)=0.
(i) Show that h(x) _[ t)dt = —_[ t)dt forany x €|0,1].

(ii) Using (a), or otherwise, show that for x € [0, 1],
h(x)[* < xfox[h'(t)]zdt

Hence, deduce that for x e [Oﬂ :

[h(x)]’ < xj

(iii) Show that for x B 1} ,

() < @—x)f: It

2

1

2[h'(t)[dt .

0



FIHFF B @8 27771112k

(iv) Show that

1 11,
J'O [h(x)J dx < 5.[0 [h'(x)]dx
(11 marks)
(9) (a) For any positive integer n and t € (-1, 1), show that
—LL—zl—t+t2—A,+(—1y4t”1+£:El£—.
1+t 1+t
Hence, deduce that for any x e (-1, 1),
x2 X3 i1 X" ex(=1)"t"
In(1+X): X—7+?—A +(—1) 7+J-O?dt
and
2 X3 Xn X tn
In(1- x):—x———?— _?_Iol—t dt .
(7 marks)

(b) Using (a), or otherwise, show that for any x (O, 1), and for any positive integer K,
3 5 2k+1 2k+3
Osln(ﬂ)—Z x4+t XA 12 < 22 X :
1-x 3 5 2k+1) 1-x°(2k+3
(c) Using (b), or otherwise, show that

(1 o101 11y 1 (1] 1.5
lim=+=|=| +=[=| +A + = ==—In—.
=4 3l4) 5l4 2k +1\ 4 23

2

. t
(10) Consider the curve P: {X a ,WhereteR.

(4 marks)

(4 marks)

y = 2at

Let A(atlZ,Zatl) and B(at22,2at2) be two distinct points on P, where t, and t, are
non-zero real numbers.
(@ (1) Find the equation of the normal to P at A.
(i) Prove that AB is normal to P at A if and only if t,” +t,t, +2=0.
(6 marks)
(b) Let F =(a, 0). Itis given that the chord of P joining A and F cuts P again at C.
(i) Find the y-coordinate of C in terms of a and t;.

(it) Suppose D is the point of intersection of the tangents at A and B. Also, AB is
normal to P at A.
(A) Show that CD is horizontal.
(B) Show that the mid-point of AD lies on the line x = -a.
(C) Find the equation of the locus of D at t, varies.

(9 marks)
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(11) (a) Let f(x)be a twice differentiable function defined on (0,o0) where f"(x)<0 for

x>0.
(i) Letaand b be two distinct positive real numbers. Let c lies on the open interval
with end points a and b. Using the mean value theorem, show that

(c-a)f'(c)< f(c)-f(a)
(c—b)f'(c)< f(c)- f(b).

(if) For any positive real numbers r, a and b, show that

f(ar+bjZ rf (a)+ f(b).

1+r 1+r

and

(9 marks)
(b) Let x;,x,,A ,X, bedistinct positive real numbers.

(i) Using (a), show that for all positive integers n> 2,
In(x1+x2 +A +xnj 5 Inx, +Inx, +A +Inx, _
n n
(it) Show that for all positive integers n> 2,

X, +X, +A +X
L2 ">a/X X, A X,

n

(6 marks)

End of paper
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Marking Scheme

x cosznx3
1) (a) lim(4x+3)cos = lim—<X+2
( ) ( ) X—)oo( ) 2X+3 X—>00 1
4x+3
_sin ™ (2x +3)n - nx(2)
iim 2X+3 (2x +3Y
_X~>oo _ 4
(4x+3)
(L’Hospital’s rule)
i 3n(4x+3)" . mx
= lim ~—sin
o= A2x+3)°  2x+3
2
3n(4+3j
=lim X2 sin n3
X—00 3 2+7
4(2+Xj X
3t 4> .«
=— —sin—
4 2 2
=3m.
'sin(t* )t sin x°
(b) m"T = lim ™ (L’Hospital’s rule)
siny 3
=lim——= let y =
yfg 4y (let y=x7)
_1.
4
_1
2
@ @ f(x)=—
1+ x?
and
.I:rr(x - _ 2X
(1+x2)

Thus,

Marks

1M

1M

1A

1M

1M

1A
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1+ x2

(L+ X2 )E7(x)+ 2xF'(x) = 1+x2){— 2 2}+2x-

[L+x?)
0.

(b) (i) Using the Leibniz’s rule,

1+ x2)f 2 (x)+ €7 (2x)F O(x)+ C7 (2) ) (x)+
Z[Xf(“+l +CM M (x)

L+ 2 )£ () + 2(n +D)xf " (%) + [n(n - )+2n]f( (x)
L+ x2 )£ () + 2(n +Dxf ©(x)+n(n +1)f " (x)

0
0
0

(ii) Put x=0 into (b) (i),
f"2(0)= —n(n+1)f ™(0).

Thus,

and

mnmn
|
D

(3) (@ Forx=#0,

f'(x) =4ax® cos + x“[—sin 1][— izj
X X\ X

1 1
=4x3 cos=+ x2sin—
X X

and
f(x) =12x? cos L + 4x3(— sin 1)[—%)+ 2xsin <+ x? cosi[— izj
X x U x X X\ X

=12x° cos£+ 6xsin1—cos£.
X X X

1M

1A

1M

1A

1A

1A

1A
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(b) Consider

x“cosl—O
"mw - lim—ouXx
Xx—0 X—0 x—0 Xx—0
- 3 1
=limx° cos=
x—0 X
=0
1 .
as [cos—{ <1 and limx® =0.
X Xx—0
Thus, f'(0)=0.
Consider
£(x)= £/0) 45 cos -+ x?sin T~ 0
lim = lim X X
Xx—0 X—0 Xx—0 X—0
= Iim(4x2 cosi+ xsinlj.
x—0 X X
1 . ) . ) 1
As [cos— <1 and lim4x“ =0, lim4x“cos==0.
X x—0 x—0 X
1 . . 1
Also, as |[sin—{ <1 and limx =0, limxsin==0.
X x—0 x—0 X
Thus,
lim (x)-10) :Iim4xzcosi+lim xsin1
x—0 X—0 X—0 X x>0 X
=0+0
=0.

Hence, f"(0) exists and equals O.

(c) Consider

lim f"(x) = Iim(le2 cos£+6xsin£—coslj,
X—0 X—0 X X X

which does not exist.

Hence, f"(x) is not continuous at x = 0.
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*) @ 3 7
4* +1
:dex+j—dx
2
=X_+ ldx
2 4"
Let u=x, dv =47"dx.
du =dx, v:—4_ .
In4
X X4~ 4~
Zdx =- +j
4" In4 In4
X 4~
=— - +C.
(In4)4*  (In4y
Thus,
J-xdxzx_z_x_ 1 .
1 2 (nap* 4*(ina)?
4" +1
k
2n k B 12n ﬁ
®  jmy “lmi Sty
= 1 11—
= 4n +1
4n +1
2 X
:j dx
ol_ 1
4" +1
2
_{xz X 1 }
| T4 X_ X 2
2 (In4)g* 4 (Ina) |
1 15
=2- + .
8In4  16(In4)°
(5) (a) Let
5x*-8x-16 A B C
=+ —
x?(x - 2) X X—2

1A

1A

1A

1A

1A

1A
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A+C=5 A=8
B-2A=-8 =:{B=8 .
~2B=-16 |C=-3
2
. 5X —8x—16:§+i_ 3 _ 1A
x2(x-2)  x x* x-2
(b) Letu=2+¢e*, du=e"dx.
X 2 X 2
J~(2—e )(3+e )dx :I[Z—(u—z)] [B+Uu-2)] du
(2+ex)2 u® u-2
2
:J-(4—2u) (1+u)du A
u?(u-2)
2
_ {1_5u 2—8u—16}du
u?(u-2)
P DR A
u u u-2
:u—8ln|u|+%+3In|u—2|+C
:ex—8ln(ex+2)+ - +3x+C. 1A
e +2
2
(©) Required volume :nj;nz (2e‘xx—1],3e‘x+1 dx 1M+ 1A
efE(Ze‘X+1)
|n2(2—ex)2(3+ex)
znjo Y dx
(2+e )
8 In2
= 7{eX —8In(eX + 2)+ +3x}
e\ +2 .
:g—13nln2+8nln3. 1A
6) (@) PQ =1/(x, ~0) +(y, -cf
2
:\/ 2(1+)k;%j+(yl—c)2
2 2
:\/(ab%bjylz—ZCyl+(a2+c2). 1A
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(b) (i) Let f(yl):[ﬂJyl2 —2cy, +(a2 +c2).

bZ

a’ +b?
b2

As

>0, f(y,) is the least when

(- 2)

& :_W
2%

Thus,

_ b%
a’+b?

(i) Consider

Slope of P'Q =

Also,

1A

1A

1A
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2x 2y dy

a? b?dx
dy _ b®x
dx  a’y

Thus,

bz[az o Ja? +b?f +b2c2}

a2 b2c
a’ +b?

\/(a2 +b2f +b%c?
ac '

Slope of tangentto Hat P’ =

As

(Slope of P'Q) x (Slope of tangenttoHat P") =-1,

P'Q isthe normal toHat P’.

(7) (@ For x>0, f(x)=>"2%
ox
Thus,
1 1
er(-2)-(s-208 -
f'(x) = X
1 2
)
_—=2x* -2x+3
_ T2 m2x43
x%ex
and

o [xzei](— ax—2)-(-2x? —2x+3){2xe1 + xzei(— Xlzﬂ

1 2

X?(- 4x - 2)— (- 2x? — 2x + 3)(2x 1)
1
xiex

1M

1M

1A
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(b)

(©

(d)

(i) f(x)>0 = 0<x<
J7-1

(i) f'(x)<0 < x> E

(i) £"(x)>0 < O<x<§.

(iv) f"(x)<0 < x>§.

Refer to the tables.

J7-1 7-1 J7-1
X (0’ TJ [T [T °°J
f'(x) + 0 —~
f(x) T 0.40 \
RICIERRE
f"(x) + 0 -
f(x) 0.16

Note that f(x) is even, the graph of y = f(x) is symmetrical
about the y-axis.

Thus, (@ 0.40} and (% 0.40] are relative maximum

points. Also, (g O.lGj and [—g O.lGj are points of inflexion.

Consider

. . 3-2X
finy 1) = fip =

eX

=0

and

1A

1A

1A

1A

1A

1M

1A

1A
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. x =0 is not a vertical asymptote of the graph.

Consider
lim (¥ ~lim 3=
X—00 X X—00 il
xex
1
= Iim(E—ZJe X
X—00 X
=-2
and
) .| 3—-2x
1m[f(x)—(—2)x] = lim| == +2x
eX
3 2 :
=lim T*THEX
ex ex
As
1
1 X _
Iimx[eX—lj =Iime 1
X—>00 X—>00 1
X
2 1
ex . —
=lim
X
1
=lime*
Thus,

=5.

-y =-2x+5 is an oblique asymptote as X — oo.

(L’Hospital’s rule)

1M

1A
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By symmetry, y =2x+5 is an oblique asymptote as X — —o0. 1A
(d)
1A for the relative
minimum point and
the point of
inflexion
1A for the shape of
the curve
(8) (a) For x[a,b],
[rf (x)+ g(x)]" 20
I:[Xf (x)+g(x)[dx >0 1M
XZJ':[f (x)]dx + ij: f(x)g(x)dx + I:[g(x)]2 dx >0
Case 1: If f(x)=0 forall a<x<b
In this case, the result is trivial. 1A

Case 2: If f(x)=0 forsome a<x<bh

By the continuity of f, '[:[f (x)fdx > 0. Thus,

2" (x)ax | o] "1 e | ool ox] <o "
U ¢ (x)g(x)de < {[:[f (x)f dx} {[;[g(x)]z dx} . 1

a

(b) (i) Consider
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and

(i) Let f(x)=1and g(x)=h'(x) in (a), we have

U:h’(t)dtT < Uo dt) {[Ox[h'(t)]2 dt}
[P < x| Th(e) F .

For x e {Oﬂ , Wwe have

Thus,

Ih(0)F < x( 2 () Pt

(iii) Let f(x)=1and g(x)="h'(x) in (a), we have

D:h’(t)dt] ledt) {[Xl[h’(t)]zdt}
)P <@-x)f ) Fa

2
<
2 <
1
For x e {E, 1}, we have

[0 Fat < [iI @) For

1M

1M
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as [h'(t)f 0.

Thus,

(A < @-x)f [ F .

2

(iv) Using (b) (ii) and (b) i),
| }[h(x)]zdx < ( [ } xde { | Oi[h'(t)]2 dt}
f -{jo;[h'(t)]2 dt}

X2
2

and

Ill[h(x)]z dx < Dll(l— x)dx

2 2

| I—
—
[

—
=
—_
~
e
o
o
—
—

(9) (a) Consider

Hence,

1M

1A

1A

1M
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L oteoa +(—1)”*1t“-1+—(_1) L

1+t 1+t

Forany x e(-1,1),

01+t 1+t

2 3 n-1l.n X
In@L+t), = SR +—(_l) L
0 2 3 n 0 1+t

2 3 n-1_n Ngn
ma+x):x_§_+§__A+£:Q_1_+j4—Qt
2 3

n 0 1+t

By replacing x by —x, we have

In(1—-x) =—X—ﬂ+ﬂ_1\ +M +I‘X(—1)ntn

2 3 n 0 1+t
2 3 n Nen
2 3 n o Yo 1+t

fike = [t oa o By

| U,

dt.

I_x(_1)“t”dt :IXM(_@S) (lett=-s)

0 1+t 0 1+(-s)
:_JXS d
01-5
:_J'Xt d
01—t
Hence,
2 X3 Xn th
IN—x)=-x-—-—-—-- -—- dt.
n( X) X 3 n IOl—t

(b) By putting n=2k +1 in (a), we have

3 5 2k+1 2k+1, 2k+1 <
In(L+x)-In(L-x) = 2(x+%+%+/\ L X j+jox(—1) S +I01

2k +1
3 5 2k+1
In[—l+xj—2 x+ 2 XA X =J. tz“l(i—ijdt
1-x 3 5 2k +1 0 1-t 1+t

Note that

1+t

t2k+1

dt

1M

1M

1M

1M
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1

J'Oxtzkﬂ[l_

!

t2k+2

dt.

1 X
‘mj‘“ zjo

1-t2

For 0<t<x<l1,

and

Xt2k+2

XL 2k+2
sl_xzjot dt

1—x?
Hence,

X2k+1

X2k+3
'[2k+3j'

1M

1M

X2k+3

0< In(lJr Xj 2(x+
1-x

(c) Using (b),

into the above expression,

2k+3 2k+1

X
2k+1

1
1—x?

X
2k +3

1 (1+ xj
_|n _
1-x

2

3 5
£x+X—+X—+A +
3 5

Put x:E

1 2k+3
(3)
Note that lim

koo 2K +3

0]

=0, by squeezing principle,

5 2k+1
+1 1 +A + L
o\ 4 4

11

1
lim
k—)oc|:4 3

2k +1

2
< .
2k+1j 1—x2(2k+3J

1

2

[1+ xj
In| ——|.
1-x

1M

1M + 1M
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dy
. dy  dt
1 el AR |
(10) (& (V) ax
dt
2
2at
1L
t
Required equation:
y —2at,
2, =h
X —at,
t,x+y—2at, —at,’ =0.
(i) AB isnormal to P at A
<> Slope of AB=-t,
2at, —2at
o e
at,” —at,
2
< =-t
t, +1;
o ot +tt, +2=0.
(b) () LetC=(at,?2at, ), where t, #t,.
Slope of AF = Slope of FC
2at, -0 2at, -0
at’-a at,’-a
t (6,2 -1) =t,(° -1)
(t,t, +1)t, -t,) =0
1
t, =——. @, #t,)

Hence,

y-coordinate of C = 2at,
_2a
t,

(i) (A) Equation of tangent at A:

1M

1A

1A

1M

1A

1M

1A
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y—2at, 1
x—at’ ot
x—ty+at’ =0. (1)
Similarly, the equation of tangent at B:
x—t,y+at,” =0. (2)
0)-2):
(t, —t.)y +a‘(t12 _tzz) =0
y =alt, +t,).

Put y =a(t, +t,) into (1),

x—at,(t, +t,)+at,> =0
X =att,.

. D=(att,,a(t, +t,)).

Using (a) (i), as t,” +t,t, +2=0,

Hence, the y-coordinates of C and D are equal.

.. CD is a horizontal line.

2
(B)  x-coordinate of the mid-point of AD = at +att,

= %(tf +tlt2)

Hence, the mid-point of AD lies on the line x =-a.

(C) Let D=(x,y).

1M

1A

1M

1A
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. {x:atltz
h y:a(tl"‘tz).
t,> +2
Note that t, = —- , We have

2
= atl(— t, +2]
tl
= a(tl2 + 2)
and
2
y =a(tl—t1 +2J
tl
__2a
tl
Thus,

y?(2a+x)+4a® =0.

(11) (@) (i) Casel:a<c<b

Using the mean value theorem, there exist &, < (a,c) and
g, € (c,b) such that

T @) _ i) ang TR T _ g )

c-a b-c
As f"(x)<0, f'(x) is decreasing for x > 0.

a<§ <c<ég,<b
f'(a)2 f/(&,)2 f'lc)2 f(5,)= f'(b
fa)= 1= F@), c)> fO)- )

f
c—a b-c

1A

1A

1M

1M
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(i)

and

Case2: b<c<a

This is similar to case 1.

Casel: a#b
When a<b,
ar+a <ar+b
ar+b
a <
1+r
and
ar+b <b+br
ar+b <b.
1+r
Hence,a<ar+b<b.
1+r
When b<a,
ar+b <a+ar
ar+b
<a
1+r
and
b+br <ar+b
b <ar+b.
1+r
Hence,b<ar+b<a.
1+r
. . ar+b
Using (a) (i), put c = , We have
1+r

[ar+b_aj f,Ear+bjS f(ar+bj_ f(a)
1+r 1+r 1+r

(1)

1A

1M
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and

ar+b (ar+b ar+b) N
[1+r _bjf£1+ijf(1+"j_f(b). (2)

rx(1)+(2):

ar+b far+b ar+b (ar+b
r —a|f + -b|f
l+r 1+r 1+r l+r

Srf(ar+bj—rf(a)+ f(a”b)— f(b)

1+r 1+r

Og(r+1)f(ar+bj—rf(a)— f(b)

1+r

f(ar+bj> rf (a)+ f(b).

1+r ) 1+r

Case2: a=bhb
The result is trivial in this case.

(b) (i) Let f(x)=Inx, x>0.
Note that f”(x)=—i230 for x> 0.
X

Using (a) (ii), by putting r =1, a=Xx,, b =x,, we have

f(xl+x2] N f(x,)+ f(x,)

2 2
In[ 2t % 2Inx1+lnx2.
2 2

Therefore, the statement is true when n=2.

Assume the statement is true when n=k , i.e,,

In X+ X, +A + X, Zlnx1+lnx2+A+Inxk.
k k
Consider the statement when n =k +1, by putting

a:xl“(Z;’HXk b=x_,and r=k in (a) (i),

1M

1M

1M

1M



Fﬁ%ﬁ»ﬁ_ﬁ: 1%:_’,%7 27771112.hk

X, + X, +A +X
X1+X2+A+Xk'k+xkl kln[l 2 kj+|nxk+1
k B >
1+k 1+k

In

Inx, +Inx, +A +1Inx,

]+ Inx, ,

In X+ X, +A + Xy S ( K
k+1 1+k

In(lerXZ +A +xk+lj JInx +Inx, +A +Inx, +Inx,

k+1 k+1

Therefore, the statement is also true when n=k +1.
By M.1., the statement is true for all positive integers n.
(i) By (b) (i),

In(xl +X, +A + xnj . In(x,x, A X,)
n n

X, +X, +A +X
In( L2 ”j > Ing/x X, A X,

n

X, + X, +A +X
L2 Lo>aX X, A X, .
n

1M
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